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We theoretically study the transparency and amplification of a weak probe field applied to the cavity in hy-
brid systems formed by a driven superconducting circuit QED system and a mechanical resonator, or a driven
optomechanical system and a superconducting qubit. We find that both the mechanical resonator and the su-
perconducting qubit can result in the transparency to a weak probe field in such hybrid systems when a strong
driving field is applied to the cavity. We also find that the weak probe field can be amplified in some parameter
regimes. We further study the statistical properties of the output field via the degrees of second-order coherence.
We find that the nonclassicality of the output field strongly depends on the system parameters. Our studies show
that one can control single-photon transmission in the optomechanical system via a tunable artificial atom or in
the circuit QED system via a mechanical resonator.
PACS numbers:
I. INTRODUCTION
It is well known that an incident light through a cavity with-
out internal loss can be completely transmitted (or reflected)
when it is resonant with (or far from resonance to) the mode
of the cavity in the steady-state. However, this situation can
be changed by impurities inside the cavity or unstable bound-
ary condition of the cavity. When these impurities are con-
sidered as two-level atoms, a cavity quantum electrodynamics
system can be formed. The unstable boundary condition can
be described by an oscillating mirror at the one-end of the
cavity, and then the cavity together with an oscillating mirror
becomes an optomechanical system.
In optomechanical systems [1], when a strong driving field
is applied to the cavity, there is an analogue of electromag-
netically induced transparency (EIT) for the output at the fre-
quency of the weak detecting field [2]. Such EIT phenomenon
is equivalent to that in two coupled harmonic oscillators [3],
which has been demonstrated in metamaterials [4]. The op-
tomechanically induced EIT and slow light have been exper-
imentally demonstrated [5–7]. However when an atomic en-
semble is coupled to a cavity field in the optomechanical sys-
tem, it was showed that two-level atomic ensemble can not
only be used to enhance the photon-phonon coupling through
the radiation pressure [8], but also be used to broaden the
transparency windows [9]. We have also showed that the
EIT in a three-level atomic ensemble, which is placed inside
a cavity of the optomechanical system, can be significantly
changed by the oscillating mirror [10].
With rapid progress in the research on superconducting
qubits, scientists are now studying the quantum switch (e.g.,
Ref. [11]) by using the mechanical resonator for informa-
tion transfer between different qubits, and also experimen-
talists started to demonstrate optomechanical effect in the
microwave regime. For optomechanical systems in the mi-
crowave regime, the cavity is usually realized by a supercon-
ducting transmission line resonator, the mechanical resonator
is realized by a suspended aluminum membrane [12], or a
beam of conducting aluminium clamped on both ends [13],
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FIG. 1: (Color online) Schematic diagram for the circuit QED which
is coupled to a nanomechanical resonator or an optomechanical sys-
tem in microwave regime which is coupled to a superconducting
qubit.
or a silicon nitride nano-structure [14]. Moreover, the circuit
QED, which describes the interaction between a quantized
microwave field and superconducting qubits (called as super-
conducting artificial atoms), is explored for superconducting
quantum information processing [15, 16]. We have shown that
the electromagnetically induced transparency and absorption
can be tuned in circuit QED systems by virtue of the dressed
three-level systems [17]. In contrast to the original proposal
for EIT-induced photon blockade using atomic medium [18],
the strong photon-qubit interaction in circuit QED systems
makes the photon blockade become possible at the single-
atom level, and also the photon blockade in the microwave
regime has been experimentally demonstrated [19, 20]. Re-
cent studies showed that the photon blockade can be changed
into the transparency in the circuit QED system when the
probe field [21] becomes strong.
Motivated by recent studies on the nanomechanical quan-
tum switch between different light wavelengths using optome-
chanical effects [22, 23] and progress in the circuit QED for
the strong photon-qubit coupling, we will study the photon
transmission in the circuit QED system which is coupled to
a nanomechanical resonator, or an optomechanical system
which is coupled to a superconducting qubit. Different from
former studies [8–10], here we will focus on the effect of
single mechanical resonator (or single artificial atom) on the
2EIT of the circuit QED systems (or optomechanical systems)
and statistical properties of the output field in these systems.
We will also study the amplification phenomena of the output
field.
II. THEORETICAL MODEL
A. Hamiltonian
As schematically shown in Fig. 1, we study a capacitive
coupling between a nanomechanical resonator and a supder-
conducting circuit QED system, which consists of a transmis-
sion line resonator (TRL) and a superconducting qubit. Such
hybrid system can also be considered as an optomechanical
system which is coupled to a superconducting qubit. We as-
sume that a strong driving field with the frequency ωd and
a weak probe field with the frequency ωp are applied to the
TLR. The Hamiltonian of the whole system can be written as
H = ~ω0c
†c+
[
p2
2m
+
1
2
mω2mq
2
]
+ ~
ωq
2
σz − χc†cq
+~g(c†σ− + cσ+) + i~
(
Ωe−iωdtc† − Ω∗eiωdtc)
+i~
(
εe−iωptc† − ε∗eiωptc) . (1)
Here c† and c are the creation and annihilation operators of
the cavity field in the TLR with the frequency ω0. σ+ and
σ− are the raising and lowering operators of the supercon-
ducting qubit with the transition frequency ωq, they are ex-
pressed σ± = (σx ± iσy)/2 by Pauli spin operators σx and
σy . The parameters q and p represent the position and momen-
tum operators of the mechanical resonator with the vibration
frequency ωm and the mass m. The coupling strengths of the
cavity field to the strong driving field and weak probe field are
Ω and ε, respectively. We assume |Ω| ≫ |ε|. The coupling
between the cavity field and the mechanical resonator is char-
acterized via the coupling strength χ, while g denotes the in-
teraction strength between the superconducting qubit and the
cavity field.
In the rotating reference frame at the frequency ωd of the
driving field, the Hamiltonian in Eq. (1) becomes
H = ~∆1c
†c+
(
p2
2m
+
1
2
mω2mq
2
)
+
~
2
∆2σz
+~g(c†σ− + cσ+)− χc†cq + i~(Ωc† − Ω∗c)
+i~
[
εe−i∆tc† − ε∗ei∆tc] (2)
with the detunings ∆1 = ω0 − ωd, ∆2 = ωq − ωd, and ∆ =
ωp − ωd.
B. Langevin equations
Based on the Hamiltonian in Eq. (2) and phenomenolog-
ically adding the noise and decay terms, the Heisenberg-
Langevin equations of the variables for the mechanical res-
onator, the cavity field, and the superconducting qubit can be
given as
q˙ =
p
m
, (3)
p˙ = −mω2mq − γmp+ χc†c+ ξ(t), (4)
c˙ = −(γc + i∆1)c+ iχ
~
cq − igσ−
+Ω+ εe−i∆t +
√
2γc cin(t), (5)
σ˙− = −(γa + i∆2)σ− + ig c σz +
√
2γa din(t). (6)
Here γc, γm, and γa are the decay rates of the cavity field, the
mechanical resonator, and the superconducting qubit. Equa-
tions of motion for the variables c† and σ+ can be given by
taking the Hermitian conjugate of Eqs. (5) and (6). We do not
write down the equation of motion for the atomic operator σz
which will be explained below. cin(t) and din(t) are the in-
put vacuum noises of the cavity field and the superconducting
qubit, and their mean values are zeroes
〈cin(t)〉 = 0, (7)
〈din(t)〉 = 0, (8)
where 〈·〉 represents the average over the equilibrium state of
the environment. We assume that the system works at low
temperature, and thus the eigen-energies of the qubit and the
cavity field are much higher than the thermal energy, which
means that the thermal effects on the cavity field and the qubit
are negligible. With this assumption, the vacuum noises cin(t)
and its Hermitian conjugate, din(t) and its Hermitian conju-
gate, satisfy the following conditions
〈cin(t)c†in(t′)〉 = δ(t− t′), (9)
〈din(t)d†in(t′)〉 = δ(t− t′). (10)
Since the frequency of the mechanical resonator is much
smaller than the frequency of the cavity field and the transition
frequency of the qubit, the thermal motion of the mechanical
resonator should be taken into account. Thus we introduce
the thermal Langevin force ξ(t) with the zero mean value
〈ξ (t)〉 = 0 and satisfies the following temperature-dependent
correlation function [2, 24]
〈ξ(t)ξ(t′)〉 = 1
2pi
∫
exp [−iω(t− t′)]N (ω) dω, (11)
with
N(ω) = ~γmmω
[
1 + coth
(
~ω
2kBT
)]
. (12)
III. STEADY-STATE SOLUTIONS AND PHOTON
TRANSMISSION
We are interested in the effect of the mechanical resonator
on the photon transmission through the circuit QED system,
or, equivalently, the effect of the superconducting qubit on the
photon transmission through the optomechanical system.
3A. Steady-state solutions
Using Eqs. (3-8) and also the mean field approximation,
e.g., 〈cq〉 = 〈c〉〈q〉, the time evolutions of the expectation
values for the operators q, p, c, and σ− are given by
d〈q〉
dt
=
〈p〉
m
, (13)
d〈p〉
dt
= −mω2m〈q〉 − γm〈p〉+ χ〈c†〉〈c〉, (14)
d〈c〉
dt
= −
(
γc + i∆1 − iχ
~
〈q〉
)
〈c〉 − ig〈σ−〉
+Ω+ εe−i∆t, (15)
d〈σ−〉
dt
= −(γa + i∆2)〈σ−〉+ ig〈c〉〈σz〉. (16)
The equations of motion for the average of the operators c†
and σ+ can be obtained by taking the average for the Her-
mitian conjugates of Eq. (5) and Eq. (6), respectively. The
nonlinear equations in Eqs. (13-16) cannot be solved precisely
since their steady-state solutions have infinite number of fre-
quencies. To approximately obtain the steady-state solutions
which are exact for the strong driving Ω and are correct to
the lowest order in the weak probe ε, we make the following
ansatz [25]
〈c〉 = C0 + C+ei∆t + C−e−i∆t, (17)
〈q〉 = Q0 +Q+ei∆t +Q−e−i∆t, (18)
〈σ−〉 = L0 + L+ei∆t + L−e−i∆t. (19)
Here C± are much smaller than C0, and are of the same order
of ε. Similarly,Q± and L± are much smaller than Q0 and L0.
The parameters Q± and L± are of the same order of ε. C0,
Q0, and L0 are the steady-state solutions when ε = 0.
By substituting Eqs. (17-19) into Eqs. (13-16), and keeping
the first-order terms of Q± and L±, we can give
Q0 =
χ
mω2m
|C0|2, (20)
Q± =
χ
m(ω2m ± iγm∆−∆2)
(C0C
∗
∓ + C
∗
0C±), (21)
by comparing the coefficients of the terms with the same fre-
quency. Similarly, the expressions ofL0, L+, andL− can also
be obtained as
L0 =
ig〈σz〉ssC0
(γa + i∆2)
, (22)
L± =
ig〈σz〉ssC±
(γa + i∆2 ± i∆) , (23)
where 〈σz〉ss is the steady-state value of the operator 〈σz〉 for
the superconducting qubit.
Using Eqs. (20-23), we can obtain the steady-state values
C0 =
Ω
γc + i∆3 − [g2〈σz〉ss/ (γa + i∆2)] (24)
and
C− =
ε(λ1 − λ2)
A+ 2i∆3λ3 + λ
+
2 λ2 − λ+2 λ1 − λ+1 λ2
. (25)
The parameter A in Eq. (25) is expressed as A = (λ1 −
λ3)(λ
+
1 + λ3), and other parameters are given as
∆3 = ∆1 − χ
2
m~ω2m
|C0|2, (26)
λ1 ≡ λ1(∆) = γc − i∆3 − i∆+ iχ
2|C0|2
M(∆)
, (27)
λ2 ≡ λ2(∆) = g
2〈σz〉ss
(γa − i∆2 − i∆) , (28)
λ3 ≡ λ3(∆) = iχ
2|C0|2
M(∆)
. (29)
with M(∆) = m~(ω2m − iγm∆ − ∆2). The parameters λ+1
and λ+2 in Eq. (25) are defined as
λ+1 ≡ λ+1 (∆) = [λ1(−∆)]∗, (30)
λ+2 ≡ λ+2 (∆) = [λ2(−∆)]∗. (31)
Here we are not interested in four-wave mixing with the fre-
quency (ωp − 2ωd), thus the expression of C+ is not written
out.
B. Output field and the response of the whole system to the
probe field
The response of the system to all frequencies can be de-
tected by the output field, which can be given via the input-
output theory [26, 27],
cin (t) + cout (t) =
√
2γcc− 1√
2γc
(
Ω+ εe−i∆t
)
. (32)
Using Eq. (17) and considering the zero mean value for the
vacuum input field, i.e., 〈cin(t)〉 = 0, we can express the mean
value of the output field via Eq. (32) as
√
2γc〈cout(t)〉 = (2γcC0 − Ω) +
(
2γc
C−
ε
− 1
)
εe−i∆t
+ 2γc
(
C+
ε∗
)
ε∗ei∆t. (33)
We can find that the second term in the right side of Eq. (33)
corresponds to the response of the whole system to the probe
field with the frequencyωp. Thus the real and imaginary parts
of the amplitude of this term describe the absorption and dis-
persion of the whole system to the probe field. Since a con-
stant does not change the lineshape of a signal, we can define
the amplitude of the rescaled output field corresponding to the
probe field εe−iωpt as
εout =
2
ε
γcC−. (34)
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FIG. 2: (Color online) Real and imaginary parts µp and νp of the
rescaled output field εout given in Eq. (34) versus the normalized
detuning parameter (∆− ωm) /ωm are plotted in (a) and (b) with
different parameters: (i) g = 0 and χ/2pi = 2.8 × 10−14 J/m (blue
solid curve); (ii) g/2pi = 41.7 MHz and χ = 0 (green dash-dotted
curve); and (iii) g/2pi = 41.7 MHz and χ/2pi = 2.8 × 10−14 J/m
(red dashed curve). The frequency and damping rate of the cavity are
ω0/2pi = 5 GHz and γc/2pi = 0.5 MHz. The transition frequency
and decoherence rate of the superconducting qubit are ωq/2pi = 4
GHz and γa/2pi = 1 MHz. The parameters of the mechanical res-
onator are assumed as ωm/2pi = 8.5 MHz, γm/2pi = 25 Hz, and
m = 2 × 10−15 kg. The frequency of the driving field is chosen to
be ωd/2pi = 4.99 GHz. The coupling strength between the cavity
field and the driving field is designated as Ω/2pi = 3.1 MHz.
The real and imaginary parts of εout are given as
µp =
γc(C− + C
∗
−)
ε
,
νp =
γc(C− − C∗−)
iε
. (35)
These two quadratures of the output field can be measured by
homodyne detections [27]. Because we are interested in the
photon transmission in the large detuning between the cavity
field and superconducting qubit, thus, without loss of gener-
ality, hereafter we assume that the qubit always keeps at the
excited state, that is, the steady-state value 〈σz〉ss is assumed
as 〈σz〉ss = 1.
C. Numerical simulations: electromagnetically induced
transparency and amplification
We now numerically simulate µp and νp in Figs. (2-4) with
experimentally accessible parameters in optomechanical sys-
tem [14] and also superconducting qubit [15, 16]. In Fig. 2, we
first study the case that the cavity field and the qubit have very
large detuning ω0 − ωq such that g2/(ω0 − ωq) is small, but
there is no coupling between the cavity field and the mechan-
ical resonator. In this case, we find that there is no EIT and
amplification to the weak probe field (see green dash-dotted
curve in Fig. 2(a)). Second, we study the case that there is
no coupling between the cavity field and the superconduct-
ing qubit, but there is a strong coupling between the cavity
field and mechanical resonator. We find that there is an ana-
logue of the EIT (see blue solid curves of Figs. 2(a) and (b))
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FIG. 3: (Color online) Real and imaginary parts µp and νp of the
output field εout given in Eq. (34) versus the detuing ∆ = ωp − ωd
are plotted in (a) and (b) with different parameters: (i) g/2pi = 30
MHz and χ = 0 (blue solid curve); (ii) g = 0 and χ/2pi = 3.0 ×
10−13 J/m (green dashed curve); and (iii) g/2pi = 30 MHz and
χ/2pi = 3× 10−13 J/m (red dash-dotted curve). The parameters of
the cavity are assumed as ω0/2pi = 5 GHz and γc/2pi = 5 MHz.
The parameters of the superconducting qubit are taken as ωq/2pi =
4.9 GHz and γa/2pi = 2 MHz. The parameters of the mechanical
resonator are designated as ωm/2pi = 8.5 MHz, γm/2pi = 25 Hz,
and m = 2×10−15 kg. The frequency of the driving field is assumed
as ωd/2pi = 4.965 GHz. The coupling strength between the driving
field and the cavity field is Ω/2pi = 0.98 MHz.
.
as experimentally demonstrated in other optomechanical sys-
tems [5–7]. Moreover, we can also observe the amplification
of the weak probe field (see small dip of the blue solid curve
of Fig. 2(a)). Finally, we study the case that g2/(ω0 − ωq)
is small but the coupling between the cavity field and me-
chanical resonator is strong. We find that the coupling of
the qubit to the cavity field modifies the absorption and dis-
persive curves of the optomechanical systems (see red dashed
curves in Figs. 2(a) and (b)). Particularly, the qubit broadens
the transparency windows [9] and also helps the optomechan-
ical system to significantly amplify the probe field in some
parameter regimes (see dip in red dashed curve in Fig. 2(a)).
We further numerically study the case for both the big-
ger g2/(ω0 − ωq) and the strong optomechanical coupling in
Fig. 3. We find: i) with the increase of the optomechanical
coupling strength χ, the shapes of the absorption and disper-
sion curves become asymmetric when there is no coupling be-
tween the qubit and the cavity field, and also the weak probe
field is amplified greatly (see green dashed curves in Figs. 3(a)
and (b)); ii) the bigger g2/(ω0−ωq) can result in the EIT [21]
and amplification even without the optomechanical coupling,
i.e., χ = 0 (see blue solid curves in Figs. 3(a) and (b)); and
iii) the strong optomechanical coupling χ can significantly
modify the transparency windows and dispersive curves even
when g2/(ω0 − ωq) is bigger (see red dash-dotted curves in
Figs. 3(a) and (b)).
In Fig. 4, we study the effects of the optomechanical cou-
pling strength χ and the qubit-cavity coupling strength g on
the transparency windows by plotting the real part µp of the
output field given in Eq. (34). We first fix other parameters
and study how the transparency windows change with the cou-
pling strength g in Fig. 4(a). We find that g affects not only the
position and width of the transparency windows but also the
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FIG. 4: (Color online) The real part µp of the output field given in
Eq. (34) versus the normalized detuning parameter (∆− ωm) /ωm
is plotted in (a) with different system parameters: g/2pi = 21.7 MHz
(blue solid curve), g/2pi = 31.7 MHz (green dashed curve), and
g/2pi = 41.7 MHz (red dash-dotted curve), with that other parame-
ters are the same as in Fig. 2(a). Similarly, we also plot µp in (b) with
different optomechanical coupling strengths: χ/2pi = 2×10−14 J/m
(blue solid curve), χ/2pi = 2.4 × 10−14 J/m (green dashed curve),
and χ/2pi = 2.8×10−14 J/m (red dash-dotted curve), with that other
parameters are the same as in Fig. 2(a).
gain of the output field. In particular, we can find that the large
coupling strength g leads to a high gain of the output field. We
then fix other parameters and study how the coupling strength
χ affects the transparency windows in Fig. 4(b). We find that
χ has similar effects on the transparency windows and gain of
the output field as the coupling constant g. Thus, Fig. 4 tells us
that both increasing coupling constants χ and g can efficiently
amplify the weak input field in some parameter regimes.
IV. QUANTUM STATISTICAL PROPERTIES OF THE
OUTPUT FIELD
For the hybrid system studied here, one would like to know
the statistical properties of the output field. To demonstrate
this, let us now study the degrees of second-order coherence
for the output field. In this case, there are vacuum input field
and strong driving field, but the weak probe field is turned off.
A. Small fluctuation approximation
We assume that the whole system reaches the steady-state
and there are small fluctuations near this steady-state. As dis-
cussed in subsection III.A, this steady-state can be obtained
by the average of system operators given in Eqs. (13-16) with
ε = 0. Similar to Eqs. (17-19), we assume that the steady-
state values of the position and momentum of the mechanical
resonator are Q0 and P0, and the steady-state values of the
cavity annihilation operator and the qubit ladder operator are
C0 and L0. With these notations, the system operators q, p,
σ−, and c can be expressed as
q = Q0 +Q, (36)
p = P0 + P, (37)
σ− = L0 + σ, (38)
c = C0 + C, (39)
where Q, P , σ, C represent the fluctuation operators of q, p,
σ−, c around the steady-state values Q0, P0, L0, C0. From
Eqs. (3-6), we can obtain P0 = 0. Moreover, the steady-state
values Q0, L0, and C0 can be calculated by Eqs. (20), (22),
and (24), respectively. It is also clear that the mean values of
all small fluctuation operators Q, P , σ, and C are zeroes.
We now assume ε = 0 in Eqs. (3-6) and substitute Eqs.(36-
39) into Eqs. (3-6), then we can linearize Eqs. (3-6) up to
first order of fluctuation operators, and obtain linear dynami-
cal equations of four fluctuation operators as:
Q˙(t) =
P (t)
m
, (40)
P˙ (t) = −mω2mQ(t)− γmP (t) + χC∗0C(t)
+χC0C
†(t) + ξ(t), (41)
C˙(t) = −
(
γc + i∆1 − iχ
~
Q0
)
C(t) +
iχC0
~
Q(t)
−igσ(t) +
√
2γccin(t), (42)
σ˙(t) = −(γa + i∆2)σ(t) + ig〈σz〉ssC(t)
+
√
2γadin(t). (43)
Here, the operator C†(t) and the steady-state value C∗0 satisfy
c† = C∗0 + C
†(t). The equation of the operator C†(t) can be
given by taking the Hermitian conjugate of Eq. (42). Using
the Fourier transform with the definition
f(t) =
1
2pi
∫ ∞
−∞
f(ω) exp(−iωt)dω, (44)
Eqs. (40-43) can be given in the frequency domain as
− iωQ(ω) = P (ω)
m
, (45)
−iωP (ω) = −mω2mQ(ω)− γmP (ω) + χC∗0C(ω)
+χC0C
†(ω) + ξ(ω), (46)
−iωC(ω) = −(γc + i∆1 − iχ
~
Q0)C(ω)− igσ(ω)
+
iχC0
~
Q(ω) +
√
2γccin(ω), (47)
−iωσ(ω) = −(γa + i∆2)σ(ω) + ig〈σz〉ssC(ω)
+
√
2γadin(ω). (48)
6Let us now define the frequency dependent parameters
E(ω) = (Λ1 − Λ3)(Λ+1 − Λ3) + 2i∆3Λ3
+Λ+2 Λ2 − Λ+2 Λ1 − Λ+1 Λ2, (49)
F (ω) = λ1 − λ2, (50)
R(ω) =
1
m~(ω2m − iγmω − ω2)
, (51)
S(ω) =
1
(γa − i∆2 − iω) , (52)
T (ω) =
1
(γa + i∆2 − iω) . (53)
Here the parameter ∆3 is given in Eq. (26). The parameters
Λ1, Λ2, and Λ3 can be obtained through Eqs. (27-29) by re-
placing ∆ with ω, respectively. Using Eqs. (45-48) and also
the Fourier transform of the equation of C†(t), we can ob-
tain the solutions of the fluctuation operators in the frequency
domain. Specifically, we have
C(ω) = C1(ω)cin(ω) + C2(ω)c
†
in(ω) + C3(ω)din(ω)
+C4(ω)d
†
in(ω) + C5(ω)ξ(ω) (54)
where the parameters Ci(ω), with i = 1, 2, 3, 4, 5, are given
by
C1(ω) =
√
2γcF (ω)
E(ω)
,
C2(ω) =
iχ2C20
√
2γcR(ω)
E(ω)
,
C3(ω) = − ig
√
2γaF (ω)T (ω)
E(ω)
,
C4(ω) = −χ
2C20g
√
2γaR(ω)S(ω)
E(ω)
,
C5(ω) =
χ3|C0|2C0R2(ω) + iχC0F (ω)R(ω)
E(ω)
. (55)
B. Degrees of second-order coherence for output fields
By setting ε = 0 in Eq. (32) and also using Fourier trans-
form, we can obtain the input-output relation in the frequency
domain as
2γcc(ω) =
√
2γc[cout(ω) + cin(ω)] + 2piΩδ(ω). (56)
Thus, using Eq. (39) and Eq. (54), the output field in Eq. (56)
can be given as
cout(ω) = 2piB0δ(ω) +G(ω) (57)
with
B0 =
√
2γcC0 − Ω√
2γc
, (58)
and
G(ω) = B1(ω)cin(ω) +B2(ω)c
†
in(ω) +B3(ω)din(ω)
+B4(ω)d
†
in(ω) +B5(ω)ξ(ω). (59)
The parameters in Eq. (59) are
B1(ω) =
√
2γcC1(ω)− 1, (60)
B2(ω) =
√
2γcC2(ω), (61)
B3(ω) =
√
2γcC3(ω), (62)
B4(ω) =
√
2γcC4(ω), (63)
B5(ω) =
√
2γcC5(ω). (64)
To demonstrate the statistical properties of the output fields,
let us now calculate the degrees of second-order coherence,
which is defined as
g(2)(τ) =
〈c†out(t)c†out(t′)cout(t′)cout(t)〉
〈c†out(t)cout(t)〉〈c†out(t′)cout(t′)〉
with t′ = t + τ . Using Eqs. (57-59), we can obtain g(2) (τ)
with simple calculations as
g(2)(τ) =
2|B0|2〈G†(t)G(t)〉 + 2ℜ[B∗20 〈G(t′)G(t)〉]
(|B0|2 + 〈G†(t)G(t)〉)2
+
|B0|4 + 2|B0|2ℜ[〈G†(t′)G(t)〉]
(|B0|2 + 〈G†(t)G(t)〉)2
+
〈G†(t)G†(t′)G(t′)G(t)〉
(|B0|2 + 〈G†(t)G(t)〉)2 , (65)
where ℜ[·] represents the real part of the complex
number. Note that the correlation function R(τ) =
〈G†(t)G†(t′)G(t′)G(t)〉 can be calculated via the Fourier
transform
R(τ) = 〈G†(t)G†(t′)G(t′)G(t)〉
= α
∫∫∫∫ +∞
−∞
〈G†(ω1)G†(ω2)G(ω3)G(ω4)〉
×e−iω1te−iω2t′e−iω3t′e−iω4tdω1dω2dω3dω4, (66)
with the normalization coefficient α = 1/(2pi)4. From
Eqs. (9-11) and also the definition of Fourier transform given
in Eq. (44), we can obtain the non-zero correlation functions
of the input noise in the frequency domain as
〈cin(ω′)c†in(ω)〉 = 2piδ(ω + ω′), (67)
〈din(ω′)d†in(ω)〉 = 2piδ(ω + ω′), (68)
〈ξ(ω)ξ(ω′)〉 = 2piN(ω)δ(ω + ω′), (69)
where N (ω) is defined in Eq. (12). Since the stochastic force
ξ and vacuum inputs obey Gaussian distributions, we can cal-
culate higher-order correlation functions using second-order
correlation functions [28]. That is, Eq. (66) becomes
74pi2R(τ) = 4pi2〈G†(t)G†(t′)G(t′)G(t)〉
=
∫∫ +∞
−∞
Y ∗12 (ω1)Y12 (ω2) e
i(ω1−ω2)τdω1dω2
+
∫∫ +∞
−∞
Y13(ω1)Y13(ω2)e
−i(ω1−ω2)τdω1dω2
+
∫∫ +∞
−∞
Y14(ω1)Y14(ω2)dω1dω2,
(70)
where the parameters in Eq. (70) are given as
Y12(ω) = N(ω)B5(−ω)B5(ω) +B2(−ω)B1(ω)
+B4(−ω)B3(ω), (71)
Y13(ω) = N(−ω)|B5(ω)|2 + |B2(ω)|2 + |B4(ω)|2,(72)
Y14(ω) = N(−ω)|B5(ω)|2 + |B2(ω)|2 + |B4(ω)|2.(73)
Let us define
y14 =
1
2pi
∫ +∞
−∞
Y14(ω)dω, (74)
y13 =
1
2pi
∫ +∞
−∞
Y13(ω)e
iωτdω, (75)
y12 =
1
2pi
∫ +∞
−∞
Y12(ω)e
−iωτdω, (76)
then the degrees of second-order coherence can be further
simplified to
g(2)(τ) =
|B0|4 + 2|B0|2y14 + 2ℜ[B∗20 y12] + 2|B0|2ℜ[y13]
(|B0|2 + y14)2
+
y214 + |y13|2 + |y12|2
(|B0|2 + y14)2 . (77)
C. Numerical simulations: Degrees of second-order coherence
Let us numerically calculate the degrees of second-order
coherence g(2)(τ) as shown in Eq. (77) with different coupling
constants g and χ in Fig. 5 at the zero temperature. We find
that the statistical properties of the output field strongly de-
pend on the parameters. For example, the output field exhibits
nonclassical properties in the case that χ is non-zero (see, the
blue solid curve in Fig. 5 with χ/2pi = 2.8× 10−14 J/m, and
g = 0). When χ = 0 and the coupling constant g/2pi = 41.7
MHz, it is hard to observe nonclassical properties of the output
field. However, further calculations of g(2)(τ) show that the
output field gradually exhibits non-classical properties with
the increase of the coupling constant g when χ = 0. This
can be well understood, because the large coupling strength
g results in a large effective photon-photon interaction inside
the cavity, which leads to nonclassical properties of the cavity
field as those with the giant Kerr effects. Finally, combin-
ing the effects of two non-zero coupling constants χ and g,
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FIG. 5: (Color online) Degrees of second-order coherence g(2)(τ )
are plotted as the function of the time interval τ with different cou-
pling constants: (i) g = 0 and χ/2pi = 2.8 × 10−14 J/m (blue
solid curve); (ii) g/2pi = 41.7 MHz and χ = 0 (green dash-dotted
curve); and (iii) g/2pi = 41.7 MHz and χ/2pi = 2.8 × 10−14 J/m
(red dashed curve). Here the parameters of the cavity are taken as
ω0/2pi = 5 GHz and γc/2pi = 0.5 MHz. The parameters of the su-
perconducting qubit are designated as ωq/2pi = 4 GHz, γa/2pi = 1
MHz. The parameters of the mechanical resonator are taken as
ωm/2pi = 8.5 MHz, γm/2pi = 25 Hz, and m = 2 × 10−15 kg.
The frequency of the driving field is ωd/2pi = 4.99 GHz, and the
coupling strength between the driving field and the cavity field is
Ω/2pi = 3.1 MHz.
we observe that the coupling between the cavity field and the
superconducting qubit can enhance nonclassical properties of
the output field.
To study the effects of the driving field on the statistical
properties of the output field, we take all the parameters which
are the same as those in Fig. 5 besides the parameter Ω and
plot g(2)(τ) as the function of the time interval τ in Fig. 6 with
Ω/2pi = 0.22 MHz. Figure 6 shows that the weak driving
field enhances the nonclassical properties of the output field.
We also numerically simulate the thermal effects for different
environmental temperature T of the mechanical resonator and
find that the non-classicality decreases with the increase of the
temperature T .
V. CONCLUSIONS AND REMARKS
Our study here can be classified into two scenarios. One is a
hybrid system formed by a circuit QED system and a mechan-
ical resonator. Another equivalent one is the hybrid system
consisting of an optomechanical system and a superconduct-
ing qubit. We mainly focus on the photon transmission in the
case of the large detuning between the superconducting qubit
and the cavity field.
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g/2pi = 4.17×107 Hz, χ/2pi = 0 J/m
g/2pi = 4.17×107 Hz, χ/2pi = 2.80×10−14 J/m
FIG. 6: Color online) Degrees of second-order coherence g(2)(τ ) is
plotted as a function of time interval τ at the zero temperature with
different coupling constants: (i) g = 0 and χ/2pi = 2.8×10−14 J/m
(blue solid curve); (ii) g/2pi = 41.7 MHz and χ = 0 (green dash-
dotted curve); and (iii) g/2pi = 41.7 MHz and χ/2pi = 2.8×10−14
J/m (red dashed curve). Here the parameters of the cavity are taken
as ω0/2pi = 5 GHz and γc/2pi = 0.5 MHz. The parameters of the
superconducting qubit are designated as ωq/2pi = 4 GHz, γa/2pi =
1 MHz. The parameters of the mechanical resonator are taken as
ωm/2pi = 8.5 MHz, γm/2pi = 25 Hz, and m = 2 × 10−15 kg.
The frequency of the driving field is ωd/2pi = 4.99 GHz, and the
coupling strength between the driving field and the cavity field is
Ω/2pi = 0.22 MHz.
.
In case one, we first find out the parameters, in the cir-
cuit QED system without the coupling to the mechanical res-
onator, that the EIT can be observed as in Ref. [21] in the large
detuning condition. We find that these parameters should sat-
isfy the strong coupling condition in the circuit QED system
and g2/(ω0 − ωq) should be big enough. We also find that
the weak probe field can be amplified in the output in such a
condition, while the negligibly small g2/(ω0 − ωq) results in
neither the transparency nor the amplification [21]. When the
mechanical resonator is coupled to the circuit QED system
with the big g2/(ω0 − ωq), we find that the weak coupling
between the mechanical resonator and cavity field can only
slightly changes the shape of the transparency windows of the
circuit QED system, and also slightly enhance the amplifica-
tion of the weak probe field. However, when the optomechan-
ical coupling becomes strong, the EIT and the amplification
in the circuit QED are strongly distorted by the mechanical
resonator.
In case two, we first find out experimentally accessible pa-
rameters for the analogue of the EIT and amplification of the
weak probe field in optomechamical system without the cou-
pling to the superconducting qubit. We then study the case
that the superconducting qubit is coupled to the optomechan-
ical system. In this case, even with a weak coupling between
the qubit and the optomechanical system (i.e., with small but
not negligible g2/(ω0−ωq)), the qubit can broaden the trans-
parency windows, and also help the optomechanical system to
amplify the weak probe field.
We further explore the statistical properties of the output
field in different parameter regimes. We find that both (i) the
strong couplings between the cavity field and the mechanical
resonator and (ii) the big g2/(ω0−ωq) can result in nonclassi-
cal output field with the weak driving field. We also find that
both the high environmental temperature of the mechanical
resonator and strong driving field can decrease nonclassical
properties of the output field. Thus, the statistical properties
of the output field strongly depend on the properties of each el-
ements and the coupling strengths between different elements
in hybrid system.
Because the superconducting qubit is easier to be controlled
through external parameters and can also be coupled strongly
to the cavity field, thus in contrast to our former study [8] in
the optomechanical system with an uncontrollable atomic en-
semble, we find that the properties of the photon transmission
in the hybrid system studied here can be controlled by the tun-
able superconducting qubit. Our study provides a strategy for
quantum switch [11] using a mechanical resonator (or a super-
conducting qubit) in an one-dimensional chain of the coupled
circuit QED systems (or the optomechanical systems). Fi-
nally, we should also emphasize again that this study is only
specified to the large detuning between the superconducting
qubit and the cavity field, and the study for the resonant cou-
pling is still under way.
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